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ABSTRACT 


We investigate the properties of low frequency ‘ fo) 

transverse waves in a two-fluid solar wind having a radial 
magnetic field and radial streaming velocity, in order to 
examine what effects this streaming medium has on the waves, 
we decompose waves v^hich are assumed to be linearly polarized 
into left and right circularly polarized waves. We compute 
ana.lytic expressions valid to first order inUJ/i>Jpc. for the 
radial amplitude and phase dependence of these constituent 
waves. VJe show that after travelling a distance Ar , tie.sc 
waves have different amplitudes and phases-. ^ The former result 
causes their superposition to become elliptical, rather than 
linear. The latter caiases the axis of the ellipse of polarization 
to rotate through a well-defined angle. Analytic expressions 
a ? 'n eccentr 1 cit.v of the el lips and for the 


in which the plane of polarization of 
wave rotates , we denote the effect as 


u - - — ^ 

a linear polarized 
generalized Faraday rotat 
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CHAPTER 1 
INTRODUCTION 

Since the formulation of solar wind theory (Parker, 1958) 
much effort has been directed towards understanding perturbations 
in the steady coronal expansion. Waves, discontinuities, 
turbulence and shocks are observed perturbations in the steaay 
flow of the solar wind. This thesis concerns thd- first of these 
phenomena, v^aves . ' We undertake a theoretical investigation of 
the properties of transverse field and plasma perturbations in 
the constant radial flow of a two-fluid solar wind. Observationally 
the presence of such transverse waves has been firmly demonstrated 
(Belcher and Davis, 1971).. As consequences of ’ this study we 
shall obtain agreement with previously investigated amplitude 
a enc'^ of verse f luctua'f' ons for a one— fluid solar 

wind (Parker, 1965, Belcher, 1971), and obtain new results 
predicting the generalized Faraday rotation of low frequency 
transverse v;aves. 

The expanding solar corona is a hydromagnetic configuration 
which is stable with respect to small perturbations. With the 
advent of direct observations of solar V7ind fluctuations 
(Bridge et al. , 1964, Coleman et al'. , 1963 , 1966, 1968 , 

Neugebauer and Snyder, 1962, 1965, 1967, Siscoe, et al., 1968), ' 

pharacteristic features contain_ed in the plasma and. fi 

fluctuations emerged. It seemed plausible (Davis, 1966) that 
observed fluctuations could be caused by propagating Alfven or 
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magnetoacoustic waves., A thorough study of spectral and cross- 
spectral analysis of Mariner 2 plasma and field dat-a by Coleman 
(1967, 1968),' indicated that outwardly propagating Alfven waves 
could account for many of the observed fluctuations. This, 
statistical approach neither gave patterns of occurence nor 
explicit examples of Vi7ave forms,: however. Unti and Neugebauer 
(1968) were the first to identify a. specific example of a 
quasi— periodic Alfven wave. Belcher, Davis, and Smith (1969) , 
in a preliminary analysis of Mariner 5 plasma and field data 
identified outwardly propagating Alfven waves as frequently 
occur ing phenomena, although these waves were mainly non- 
sinusoidai and aperiodic. ' ■ 

A comprehensive study of Alfven waves (Belcher et al. , 19 69 , 
Belcher and Davis, 1971), suggests that the outwardly propagating 
waves observed primarily in high velocity streams and on their 
trailing edge are remnants of a broad spectrum of MPID waves 
generated inside the Alfvenic critical point (Hartle and 
Sturrock, 1968). This supports Parker's idea (1965) that one 
can listen at 1 A.U. to the noise generated at the Sun. Hollweg 
(1972) suggests that super-granulation patterns generate Alfvenic 
disturbances v;hich propagate upwards through the photosphere. 
Parker's suggestion (1965) that waves do work on the v/ind led 
Belcher (1971) and Alazakri and Couturier (1971) to reformulate 
the basic solar wind problem from the point of view of a new 
energy source — Alfven waves. These waves propagate in and 
are cpnvected by the streaming medium and could play a principal 



role in the fast* hot, tenuous winds that sometimes come from , 
the active Sun. They could accelerate the wind and. heat it 
upon dissipation.. It should be noted that the Alfven mode is 
the only hydromagnetic wave- which is not strongly Landau d^ped 
(Barnes, 1966, 1968), so that the longer wavelengths observed 
at 1 A.,U. are most probably of solar origin. • 

Other causes of fluctuating phenomena may be due to the 
differing temperatures in coronal regions. ' Different 
temperatures .In regions on the Sun lead to different expansion 
rates for coronal gases. The colder regions expand more slowly 
than the hotter ones, so that hot gas may eventually overtake 
cool gas.' This leads to compression,- discontinuities, and 
wave generation as these two streams interact (Parker, 1963, 
Sarahbai, 1963, Lee, 1971). The large velocity difference. 
prov.ides the energy to drive wave fluctuations (Jokippi ana • 
Davis, 1969), although the predominance of purely outwardly 
propagating Aifven waves is not adequately explained in this 
manner (Belcher and Davis, 1971). Coleman (1968) suggests that 
the large scale shear resulting from varying wind velocity 
leads to turbulence in which the energy of .the shear cascades 
down through a hierarchy of eddies to some very small scale at 
which dissipation converts the fluid motion into heat. The 
interested reader may pursue further discussion of these two 
differing points of yiev; in Parker (1969). Blast waves from 
sudden coronal conmiencements generate waves (Parker, 1963; as 
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do finite amplitude Alfven waves when. they are incident upon 

shock waves (Scholer and Belcher^ 1971) « 

The present study investigates the problem of low frequency 
transverse wave propagation' in a solar wind having two species, 
protons and electrons. We seek the wave amplitude dependence 
as a function of distance from a chosen, reference level. We do 
not inquire about the mechanism of wave production, but rather 
assume that at the reference level ro we have linearly polarized 
vjaves of a g.iven amplitude. We assume that beyond r^ there is 
neither subsequent wave generation nor wave damping into thermal 
motion. As these waves propagate in and are convected by the 
two-component solar wind, we examine what .effects the streaming 
medium has on their properties. We decompose the linearly 

,,,aves into left and right handed circularly polarized 
waves, and focus our attention on the properties of these 
constituent waves. We shall see that as the right and left 
.circularly polarized waves ' propagate in and are convected to 
larger r, their respective amplitude and phases behave. in different 
ways. Thus after. a distance ^r, we no longer have linear 
polarization, but, rather elliptical polarization with the axis 
of the ellipse of polarization toned through a well-defined angle. 
Analytic expressions will be obtained for the .amplitude and phase 
dependence of ' the right and left handed wave s^, and^for the^ angle ^ 
of rotation. In analogy with regular Faraday rotation, in which 
there is no such amplitude change, we denote the effect as 
generaliz^sd Faraday rotation.. 
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CHAPTER 2 


THE DIFFERENTIAL EQUATION FOR ELLIPTICALLY 
POLARIZED WAVES IN A TWO-FLUID PLASMA 

For a two-component plasma with magnetic field B, the 
relevant equations of motion and the appropriate Maxwell's 
equations in the presence of a spherically, symmetric gravitational 

potential § are . . 


^ 


VV> ‘f' ^ 7* *V V .* \\ ■ M “ ^ V 

’ c ^ ' ‘ *e " 


le 


( 1 ) 


(2) 


• (3) 


r-,Vtl,\no -V ^ ^ 


b-t ^ 


(4) 


- -'k S 


(5) 


(6) 


= O 


(7) 


where 


T r VO o\l 

^ '*p 


T — „vn p>\I 
Oe,“ V'e'“''e. 


(8) 


and 


$ - -W.u. 
V • 


( 9 ) 



6 


and 

\=v^V:Te. 

In the above equations the supscript p (e) refers to protons 
(electrons) and n refers to the number density. We assume that 
there are no collisions between species and that the respective 
‘pressures are scalar quantities. In the one—fluid MHD limit, 
these equations reduce to the' set used by Belcher (1971) in 
solving for the WKB wave amplitudes. 

We assume that our plasma parameters B, V, and E are pertur- 
bed due to the; presence of short wavelength transverse waves. 
Denoting these perturbations by ^B/ r a-^d SE we further assume 
that they are superimposed upon background conditions of radial 
Stfesifti ^5 a'pid •a. Tvdiel' “f-nelti aiso' assbane ifehst- the: 

propagation vector of these disturbances is parallel to the back- 
.ground field./ It will be shown that these waves locally obey the 
standard two-fluid dispersion relation for transverse waves. In 
analogy with the one-fluid case (Belcher, 1971), we will solve 
for the wave amplitudes as a function of r using the WKB approx- 
imation that wave quantities vary on a scale much smaller than 
the scale height. We confine our analysis to the equatorial 
plane of a spherical coordinate system.- Consistent with other 
workers (Yeh , • 197 0 ,- iIartle- and -Sturrock-,- 1963 ) we ■ assumG--.equa.l, .... 
number density n. =.n^ = n to preserve charge neutrality of 
the plasma, and equal radial strecuning velocity = V to 

preserve charge neutrality of the Sun-. The' radial component of 
E arises due to a small charge separation, insuring the absence 
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of d. not fow of charge froiti the Sun^ 

We thus^^iook for wave solutions to (1) through (6) of the 

form 


E(0 r ^ (r,V) © * 'b’S^ (r,« 

E ' E(0 r + 6 i 


( 11 ) 


To solve for the first order WKB wave amplitudes, we work 
with the transverse components of (1) , (3 ) , (5) , and (6) . Since 

and have only radial components, our equations then 

reduce to the following 


S.\| ? i U a ■r'^AI ® = . (b y\j - -\i 

= 4-nwi 

£ = Art^e i’h'i^ -BM * ) + 

r 6v Cl ^ 

It is convenient to define the following variables 
■ = 


S.p> - 








( 12 ) 


Mon 


(14) 


(15) 


( 16 ) 
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It will be seen (Chapter 4) that this choice associates .the 
upper (lowerT sign with the left (right)., handed polarized wave. 

l/this equivalent formulation^ equations (12) through (15) 
become 




hkr T V br 






- VT), 


^ 1 ;l 5V> SB- W- = o 




•V 






t 'S S soSB - - 4TTV,t ' = O 

f' ‘b'C r ^ A+ 


bt 


(17) 


(18) 


(19) 


(20) 


vr:-\cv 

wnere ^ ^ ctau. uo 


r> 

r 


T<^ “ VV)pC 


w j. i '.s-^ C- -w i - 


eo “ \me(L 

cyclotron frequencies respectively. 

The eikonal approximation (Weinberg,. 1962) consists in assum- 
ing that the spatidl dependence of the quantities > 

and is contained in a common factor exp(i S (r)). We thus 


set 




e- 

with '/ and to-^bd‘determinM. -Defining 


( 21 ) 




dv 


( 22 ) 


and inserting (21) into (17) through (20) we obtain 
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-V '-£-^ ?.B-= - I^Er = O 

/ pc. ^ 

(-laS-tMiK" V '''^ec'''^')?'V, - iSi! S’5" -V§. $.p- - O 

V ' ' 

+'£?,£■ -ius'S'Sp =0 
'0 ^ ^ . 

vG-K”^ --k "bB“~ 

Let the scale length over which the unperturbed quantities vary 
be h^ V 7 hich is of the order r. Then comparing the terms /\'' 

and in (23). and (24) we note that the ratio is V/ln. 

where 2 .Tt/R“ • We assume that h ^X“ so that this ratio is 

■ — . ^ .L t 

much less than 1. Hence we may drop I V with respect 

to M'vK”^ in order to obtain an equcvtion correct to zeroth 
order in X7 h . Similar reasoning in (25) and (26) suggests 
that we drop Iv and respectively. We thus obtain 

the following set of equations correct to zeroth order in X“/Vt 

(- \ -vM t ieAJ _ e q r q ( 27 ) 

' r» ^ \nn^c h vri^ \ 

C-;^o+\)\k‘-5 ^ -.0 

x eK-Tit""' D ,,,, 

V i ) 


(23) 

(24) 

(25) 


0 
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For a. two— coruponent ■ plasrtia ^ the Alfven velocity is 


^ 


and the plasma frequency is 




(31) 


L = 4nvie"- (, 1 ^ L) 


CO^ = nuvie V. > (32) 

A- 

In order to obtain a dispersion relation for \<" in a two-fluid 
plasma j we set the determinant of (27) through (30) equal to 
zero. Using (32) we obtain • 


From the definition of the index of refraction we obtain 


(33) 


(l^’^ / fi') 


(34) 


We note that there are two resonances occuring at - u3^c 

and at y^-\< = I0g>c • This can be easily understood if w&- trans- 
form to the frame of reference moving at the non-relativistic 
wind velocity V. The frequency measured in this frame is the 
Doppler shifted frequency “V) = (^^* This immediately follows 

from the Lorentz transformation in the non-relativistic limit. 
The resonances occur when the electric field vector of the 
xight (left) polarizeu Wctvt; roto-Les witri cne Sciiue a.^ 

the protons (electrons) in their cyclotron rotation about B. 

We can further exploit the elegance of the Lorentz trans- 
formation (Olbert^', private communication) to obtain agreemetvt .- 
between (33) and conventional two-fluid dispersion relations 
(Van Kampen and Felderhof f 67 ) by the substitution {ui-\C\)V> 
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Furthermore in the frame co-moving with the wind velocity V it 

is a straightforward matter to- obtain lO^ - from (33) 

under the assumption that the phase velocity is much smaller 

than the' speed of -light c. This anticipates the results (5.8) 

and (66) in Chapter 3 and, for continuity, will not be given here, 

Having solved for the dispersion relation correct to zeroth 
. A- 

order in ~ we now seek to solve for our. unknown amplitudes 

. Vv. . 

^ and To accomplish this we follow the method 

of V7einberg (19 62) which involves retaining terms to first order 
in 11 inequations (17) through (20). We write 

e., ,35, 

where and satisfy (27) through (30), and sub- 

stitute these expressions into (17) through (20). This process 
yields 






(36) 




■bf 


+ ^ '|: (sr+'br 


( 37 .) 


( 38 ) 
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+ CVC“ +A-ii\ne?>^e2 + 


(39) 


where we have used’ (27) through (30) in the above. The first 

conclusion to be drawn is that , %^2. ' smaller 

than / and respectively ,■ by a factor k h, where 

h is the scale length within which the quaiitities vary. For 

-V 

example j from (3 6) we group the and compare them 

with corresponding terms in under the assumption h-^r. 

Doing this we obtain k" hWp 2 '"^^pl • k^h>>l , that is 

>^/h << 1, we will be justified in dropping the r and 

to first order in \/h on the right hand sides of (36) 
through (39). This is just the WKB appriximation . We now have 


' .«‘ *\ ; * ' * ’ * *^ - 1 

V i "r \» * 1% "i; ^ ' 


O 


NC' 


X 


O 'JpZ O 


(40) 




■. V\ 

!er ■V^SE'=-V~SV"-'^^V“ 

VY7.C ^ '^41 ^ w o'et 

0 


4TT)neB'^ 




O 




'e - af‘^'’er f s\'et 

4. 


lei X C-^^" 'bB^ +1 X ” ( '^ 3 ) 

Sv ‘ 


where we have written the left hand sides of the equations in 
matrix-like form in anticipation of the next step. In order 
obtain a single differential equation involving only '^\J^ , oE-, . 
and BB^'we elii^ij^jte the quantities , 'and from 





1'3 


(40). through (43) by using the . technique of matrix symmetr ization 
of Weinberg (1962). Let us viev? (40) through (43) as a matrix 
equation of the form 

A B 

where 



A- 




f'' 

o 

+ leMivYlpC 

-e|Wp\ 

\ 

O 


1 l^no^c 

(D 

O 

O 



-A'U'oe. 


•V 

\o3 / 



o 


bv V 


O 

O 



O 

o 


T icsLt Vc 



(45) 


O 
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Since h is not syrniuetric we preraultiply both sides of our 
equation by another matrix C,. so that the resultant matrix 
•C A is /Symmetric, Trial and error has shown that we should 
choose C in the following manner: 


lAmm 


c = 




o 

o 

o 


p 


o o a \ 
O o 

o 1 ■'tiXJlC. 


We thus obtain the following matrix equation 


(46) 


4\) ; k’ 


o 


-4Ti\ne, 


O t\4nvie^ An'ae 

+Cl<“rv^i4> 

c, 

+cl<“:r% IU0+1\1K7 


I 1 4-TTvaeU- 

^ ct 


± I Airiie^ 


Auine. 


/^V\ 


■A-Tt'nrnptMj-^+'i) O 0.0 

0 0 


0 


0 


bf ^ IT 

![' br r 






V 




(47) 


We now have (40) through (43) in terms of symmetric matrices. 
Denoting C A = A' and C B = B' we liave 

withA;. =Al, 

^ ^ ' and' B! . = B! . 

11 31 


( 48 ) 
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Premultiplying (48) by the transposed vector 

T ^ 




(49) 


yields 




(50) 


Taking the transpose of both sides, gives 




T 


(51) 


But the left hand side of (51) is zero by virtue of equations 
( 3 , 7 ') th.r®'ugh C 30 ) > leaviAg" «.s w’-iftlii.' <6 single dif ual io-ini 

in the unknown amplitudes , and • For sim- 

plicity of notation we now drop the subscript 1 on our unknown 
amplitudes. Performing the indicated matrix multiplications 
on the right hand side of (51) , using (47) and , (49), yields 

V y ' : ■ Sv 

■ 




a 
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We thus obtain a single differential equation involving the unknown 
a:aplitudes and their derivatives. In 

order 'to solve it, we must relate '.the amplitudes to one another. 

4 . 

This is accomplished by choosing as the independent amplitude 

in (27) through (30) and expressing the other amplitudes in terms 

of it. This process yields the following- relationships between 

< 1 . . . 

the amplitudes 



(53) 



A- 


-^H55) 

\c\C“ 


By substituting (53) through (55) into (52) and using the dispersion 

u3 

relation (33) to obtain an expression for the phase velocity / 

we cah* solve (52) ahalyticaHy' to first order for short 


wav e i e n g t a o s c 


.1. LXct CxODiri 


V.- * * J; w 
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CHA.PTER 3 

SOLUTIONS FOR THE WKB WAVE AMPLITUDES- 
TO FIRST ORDER. IN 

In the previous chapter we obtained the dispersion 

4- 

relation (34) for lC“ in a two-fluid plasma cor.rect to zeroth 
order in • From this dispersion relation we may derive 

the phase speed of the wave to terms of zeroth order in - 

Recalling (31) and (32) we may easily establish the identity 




(56) 


From (33) we have 


oj-icv/ _ 


to 




0 

/ (>c ec 1= ^(57) 


oo 


'ec 




• A- 


„ , tO-Vi'V ^ 

Using (56) and neglecting terms of order — and j 

where \ ■= 7 -, we obtain 




(58) 


This expression correct to zero order in uojuOp,^ agrees with that 
of Belcher (1971) for the outward propagating wave. In order 
to solve for the unknown amplitudes r 
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we substitute this phase relation into (53). through (55) 


Since we desire, at first, only the relations correct .to zero 
iO y 

order in i.T* we neglect terms of order — — and smaller. 

This pr6cess yields the following relationships betv;een the 


amplitudes j 


and 




•V 

e 


jAruifirn, 






'S'i- 




u 


(f 





(60) 


Substituting (59) and (60) into (52) and using conservation of 
mass (eq\iations (2) and -(4) and the divergence . free property 
of Lho mu jn_tic ■ f ield oa.. cbtain a solution to 

order in for the unknown amplitude After some algebra 

we obtain 


i 'iyf y 


o = 






(61) 


and sxnce -h. ~ ^ i I. \ 


\i 




this easily integrates to 


-- SB 





V 


1-^ ^ 

>- a],Xb 


0- 


(62) 


an expression first obtained for a one-fluid MHD plasma by 
Parker (1965) . Notice that this case is the most general 
because no assumg^dons about the behavior of V, a stipulation 



we will encounter later, were made. If we do specialize to 
the case V = Vq == constant we obtain 




T. 




T 



(63) 


Notice' that 


as our expression correct to zero order . in ujj 
this latter assumption implies (by conservation of mass) that 
•/ 

Having obtained this zero order expression, we now seek 
to obtain an expression correct to first order in for t e 
case that V = = constant. To do this, we must obtain a 

' • . yj 

first order expression for the phase velocity 

to obtain the phase velocity to first- order in v/e substxtute 

(5«^ into (33) V This process yields 


^ - \] ^ \] 
v:"- 


\ \)^ /<u 


A. 


KO \ 

^ lO, 


i V- ' 


(64) 


'ec. 


lO 


where terms to second order in have been neglected. Since 


m /m = 1/1837<< 1 we obtain 

e p 


(JO 





LO 




(65) 


Notice that in the absence of streaming/ the phase velocity 

dJ 

'is" modified to first order in'i;^ 


to - 
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which is the standard expression to this order in the two-fluid 

model with 319 / streaming • 

Since we now have a first order solution for the phase 
velocity^ we may compute the first order relations between the 
unknown amplitudes which we 

originally saw to zero order in through (55). 

Denoting 

c(^v-e-. 'r It — 


and using (65) we obtain 




f 








U3r 


(i±e.) 


( 68 ) 




-V 

'c 






B 






-V 


[ t VcVjlie 'M 




icK' 




(69) 


( 70 )-... 


where we now restrict ourselves to frequencies such 

Q 

that 1 * ( 68 ) we neglect terms of order . In 

addition, in (69) we neglect terms of order (m^/mp)C 
substitution of ( 68 ) through .(7 0) into (52) we have (Appendxj^^^ 
to first order in 0 


Upon 
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-vSe 


4n'^-- 


-V 

C 




(71) 


where we have neglected tenus o^ order ra^/ni^* Now upon neglect 


of terms o-? order V^/V^ when they are multiplied by UJ( 

'a [ 


by oO/Wf 


get 


f\+\\ /u f. (72) 

^ V) J \i 2 oj^. u \r 


L _ L 


fc Mq II o 


so that 


^ ^ e 
r 

Then after some algebra our differential equation becomes 
(Appendix 2) ’ 


(73) 


- (3^ I - I w V, ;i _ 4 
f i w V) r dv 


(74) 


2 2 

where, again, terms of order V^A have been neglected if they 
are multiplied by(A)/u^^. This may be easily integrated using 
(72) , giving 






1+ V\j, 


" id 

i- 


- (n v; v-'a 


(75) 


V v;- t . 


Let us define /ir = r-ro so that our full expression “for ^B't'fl is 

_i'i2 6.<' 

, p V, 

^^Vvi 1 , \ir 


r /. , \i!/., 

4. / v'4.1 

. ,o 

1+ A. I 1 




(76) 
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Labelling (63) by 


v\ v/e see that 


SB' 






SB 


— 1 
+ a uj - 






> 'a 


(77) 


ORbep. 


It is convenient (Olbert, private communication) to 
introduce a length 'K. defined by 

1 - I y? 1 
% a. w; M,. r. . 

vfhich, from (72) , is just C/'c . Then (77) becomes 


(78) 


SB- = SB 

l - 






e 


(79) 


Hence after propagating a distance the left (right) handed 

polarized v/aves will decay (grow) by a factor S ■ . We shall 
see that for the case of the solar wind, '1{_ is extremely 

J_cijL t: • iitiiiCG ‘Cn0 o-Go-ciGXVG a. GUClBo OX CilB XOX u ciilCL 

handed waves are nearly identical for all of interest. 

However for the cases of astrophysical interest when is 

extremely large, the length "X. and the variation in amplitude 
will be important. 

In summary, this first order solution for the WKB wave 
amplitudes has been derived under the following main assumptions 
(1) V = Vo = constant << c ■. 


(2) Only terms to first order in • 


X) 




f'- 


are kept 


_ . 2 2 - ' - - - lO 

(3) Terms of order V /V neglected if multiplied by ^ 


Xt UAiU.3 J~ 


,-N **> T T s ^ 1 , 

Ci. A-tCiCA.O'^AAC.i.A-'a-'si 


4- 1 vN •P’ /-> ^ ^ A- »■ ▼ J T T ^ 

» l-WAA 1 ,Oju 

pagating low frequency transverse waves in the solar wind. Under 



the first assumption, it is valid more than halfway > back to the 
sun. The form of the solution predicts a new observable effect 
in the solar wind and is the basis of the next chapter. 
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CHAPTER 4 

GENERALIZED FARADAY ROTATION' OF LOW FREQUENCY 
TRANSVERSE V7AVES IN THE SOLAR WIND 

We have just seen that, to first order in the wave 

amplitudes of circularly polarized waves either grow or decay ' 
after travelling distance . We have^also seen that 

circularly polarized waves of right and left handedness propagate 
at different phase velocities in the streaming tv 70 -flu id medium. 

We will show that the former result causes linearly polarized 
v^aves to become elliptical (with the eccentricity decreasing as 
(W'’ increases) , while the latter results in a rotation of 
the plane of polarization. These two results are collectively 
referred to by the term "generalized Faraday rotation". 

For clarity, the conventions used for denoting the handeciness 
of circularly polarized waves will be discussed. For • a wave with 
electric field E and magnetic field B travelling towards an 
observer, the term "left handed" is applied if the electric field 
vector E rotates in a counterclockv^'ise direction when viev;ed by 
the observer. For clockwise rotation of E, the observer calls 
the wave "right handed". This definition is the one used in 
classical optics (Jackson, 1962, Born and Wolf , 1964,. Stone, 1963) 
and is the one used in this thesis. The opposite convention is 
commonly employed in plasma physics (Spitzer, 1962, Boyd and 
Sanderson, 1969, Stix, 1962). Having chosen a spherical 
coordinate system with origin at the sun, v^e must choose a 
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combination of variables of the form ,Q> ± \<^ to denote an 
outwardly propagating left (right) handed wave (Figure 1). This 
justifies the choice (16) for the dmpiitudes. With all conventions 
explained, we next describe ■ ordinary ' Faraday rotation. . 

In ordinary Faraday rotation of electromagnetic waves, the 
difference in phase velocity between left and -right circularly 
polarized waves results in the pure rotation of the plane of 
polarization. We define 


so that 


ft 


- I ,.r) 


T*® t I 


(80) 


(81) 


and 


. <i> \ / X V 

» ‘ - \\\^\ # O "> \ 

< U ^ * 

We note that the upper (lower ). sign in (80) corresponds to the 
left (right) handed wave under our, chosen sign convention. In 
accordance with classical definitions where one focuses, attention 
upon the electric vector we make the correspondence 

.4 


ft 


(83) 

Ordinary Faraday rotation assumes that at some reference 
level r^, there exists a linearly polarized wave-'of the form 




CO'S, uo 


it 


■ h 


■= 0 • 


(8 4) 


which can be d.eccraj:>osed into et left and right circular xy polar xzea 
wave of the form 

4 ■ i. 


“P* 


e 


(©i'4) 


(85) 
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where E is a real number representing the amplitude , of the 


(86) 


circularly polarized wave and 
A- DTT 

Where \C(vN = • In (8 5) and the following, the appearance 

of the exponential implies that we take the real part of the 
expression when we talk about real oscillations.. Notice that 
at r=ro we have , ■ ‘ ■ 






(87) 


as required by (84). After travelling a distance ar=r-ro/ (85) 
becomes 

; I 1. I "v ' j V ^ a. 


(.[ Ust sr') 1 3 

Le (© i V ( 88 ) 


where we have decomposed ^ into terms synuaetric and anti 




Aw '■ “ 

V ' ri jr j_ 4T 

- Usts-) t 


Then denoting 


and 


'V' ■ 


we have at \p 


: pt.ge'^e'^(e.4) t- 

y.-t'k *}‘h r'iXe.T.Q "P ^ R 1. ) t3.rid (32) tlri3.t 

A* » t « X 4. 'W' ^ ^ ^ • - » 




(89) 


(90) 


(91) 


(92) 


( 93 ) 
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Since and oscillate in phase at r*. they 'combine into a 
linear oscillation . which is rotated by an angle with respect 
to the incident orientation. The phase of 'cominon oscillation 
has been changed from its original "value at r = ro in the 
aiuount (Sommerf eld^ 1964). Hence in the ordinary Faraday 

effect, when the left and the right handed waves arrive, at r'^ro 
they have equal amplitude but unequal pha'ee. This results in a 
pure rotation of the plane of polarization. 

Let us investigate the. consequences of allowing the left 
and right handed waves to have variable amplitudes when they 
arrive at r as well as variable phases.. Instead of (83) we 
will, make the correspondence 




-V 


B- 


'94 'r 


This choice is made because we have chosen as the independent 

amplitude (Chapter 2). Let be the anplitude and % be the 
phase for the right-handed v;aye. Let be the amplitude and 

the 'phase for the left-handed "wave. Hence the analytic 
representations at r are the follov^ing 


B - 'B.cos(s'tuj'L'^e ~B 4^ 


right 

left 


(95) 


Notice that if v/e set the phases and S equal to each other,.j;-s: 5 .-., .. 
at r, the superposition of the right and the left polarized 
wave results in an elliptically polarized weive of semi-major 
axis B, + and semi-minor axis " '^2l' This is easily seen 

in Figure 2 since the © components are always in phase and the 



components are always 180 ° cut of phase . Taking the 
case that ST and are unequal, we rewrite the left handed 

wave from (9 5) as 


(96) 


where 


2. ■ 

This process emphasizes the explicit phase difference 
between the tv;o v^aves. 

Combining the right and left handed waves at r yields 

- (b,a?.^cos at; uj-t-V 


(97) 

t^-s' 


(98) 


Thu£ 


with 


I'S* - (Jot") 'ii VI [S. - jvt + '^X' ) 

^ i%- ^^Cjds iX ) '5>1 n ( S'- Uji) 

-V Ql!) cos (S'-Lol) 




e 


/\ » B CIOS Q X * 

”E.= 5%' 

d - s -B cosa■^'. 

W>, 


(99) 


(100) 


( 101 ) 
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Hence 




■^^OT^U 


We therefore define 


- 1 ui€) 


K© 

2lC)9^ 


( 102 ) 


(103) 


and 


E = B.©*G4 

- (-\s\w at!') © d%-\cosa-ry4> 


(104) 


so that 


"B = ( bv > t^e 


-I ( S.-Ujt') 


WfSvL. 


(105) 


T^-s-fo-re, t'h^e re 
and is expressed as 


>su)Ta,«t . 9 . 5 sillati«in ia t-a resT part of (10 5) 


"R = COS ( sT - ui't') uot'^ 

^TOTkL_ 

at 's - ict ~ O 


(10 6 ) 


^TOTKL. 

Determining the position of Q-roiKe 

ST-uat gives us two conjugate radii of the ellxpse 

of oscillation traced out by (104) as a function of time 

(Stone, 19 63). By computing these s^me ^wo times, 

„e deduce that the direction of .notion is frot,.Ot.-r , and 

proceeds along the smaller of the two arcs. Since the right and 

leftianaea waves'are out' of 'phase at rV we'“ sho'ma ' etpecr that^^^^^^^ 

their superposition leads to a wave rotatea oy au \ 

just as in ordLsary Faraday rotation. The fact that they are 
of different a...plituda implies that 'the resultant wave is 



30 


elliptical rather, than linear. (Figure 3), 

In order to find the angle' which the sertii—maj or axis of 
the ellipse makes with the © axiS;- we seek to find D^, and Ep , 
the principal radii' of the ellipse. Principal radii have the 
property of lying on the symmetry axes and obey the equation 




(107) 


(108) 


Let us choose a time t^ such that D will coincide with Dq and 
E will coincide- with Eq . 

^ V -JS ■ • 

Using (107) v;e get 

•i-Vt'o') LCos’’‘lS-uoi.V W(?r-uJtol 


Thus -' 

(110) 

from which we may determine and hence solve for 

and Eo by using (108) . . Then 


\-e - \cos " 

determines -tL , ' the angular or iehtation. Using' (101) ' and 


M 05 ^ "it s O- sy to show thet (1.10) reduces to 


'tciVL Q,(S n -tcL\A, C- 2yj) 


( 111 ) 


( 112 ) 
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and thus that 

^ "b COS (-tC' ) -V ^ (- 16 ' ) 

'Svv^I-tC') 4 £ Cos C“%' ) 


(113) 


So 


t)„*0 - ^Cos(-X‘) +^Sm(-X') 

“ fe^-^'^^cos 3X')cos X' + viQX^'s iviX' 
" fe, CO'S x' 


But since D^, == / + '^ 2 )^ 'W'e obtain 


(114) 


cos 'V ^ cos 


, 1_ S^-S" 

Thus we obtain the usual Faraday rotation t=-X - 2 ^ 


(115) 


which 


we 


derived earlier. A shorter derivation of (115) (Lazarus, 


pr XV ace coAUiVu 


I'ixca cxon j xb yXven xh tippxnux.^. • iiic. i.’ u;x 


at r is given by 




o 


(116) 


which reduces to (Appendix 3) 




I 


"B + B, 

I Z 


(117) 


and simplifies using (78) and (79) to 


Ar 

X. 


( 118 ) 


Using (65) and (33) to compute ^ and ^ v/e form the phase 
difference to get the following: 



ox 


i \ — ^ 

\ . V. Y* / 


neglecting terms of order €. 


This integrates to 


i 

^ O)^ \ri 

: r<^ \ 






the leading term of which is 


( 119 ) 


( 120 ) 


^ 1 
a Wp, U3 


( 121 ) 


where hr = r - is the distance from the reference level. Then 
from (115), (120), and (118) we can predict, the angular orienta- 

tion and the eccentricity of the resultant elliptically polarizeu 
wave as a function of r . 

We have seen that when a linearly polarized wave propagates 
in and is convected by a tv 70 -fluid solar wind, its' constituent 
right and left handed circularly polarized components undergo 
amplitude and phase changes. Upon recombination of the right 
and left handed wave, we find an elliptically polarized v^ave 
whose semi-major axis is oriented at an angle with respect to 
the original orientation of the linearly polarized wave. We 
shall now consider examples of this phenomenon for cases of 
interest in the study of the solar wind and in astrophysical 


contexts . 
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Chapter 5 . 

RESULTS AND CONCLUSIONS 

Ordinary Faraday rotation concerns the pure rotation of 
the plane of polarization of high frequency electromagnetic 
V^aves. We have shown that for low frequency waves {(.d /u3^^^-;l) in 
a two-fluid solar wind, there exists both a rotation of the plane 
of polarization and a gradual transition from linear to elliptical 
polarization. Examples v/ill be given to Illustrate these con- 
clusions. 

From' (118) we may easily obtain Figure' 4 showing the vari- 
ation of the eccentricity as a function of the dimensionless 
ratio Lt / l/ , In-Fia’ire 5 V7e show represents ti •'7'= ■e.’i 1 i pses for 
the cases ^ = .1^ 0.9, and 1/e occur ing at = 0, 0.47, and 

1.653 respectively. It must be remembered that for the variation 
of I to be physically meaningful at large r we must not violate 
the assumptions under which -(118) was derived. In particular we 
must stay well away in frequency from the local proton cyclotron 
frequency over the entire path length ^r . We have already 
seen (Chapter 2) that a resonance occurs' at this frequency when 
one transforms to a frame of reference co-moving at the V7ind 
velocity V. Furthermore, examination of the index. of refraction 
(34) shows that the right handed wave solution does not yield 
real values for n beyond Kampen and Felderhoff, 1967). 

.Since v/e assume B ^1/r^ and v;e are forced to examine 
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waves of smaller and sinalier frequency as we seek to obtain 

results applicable at larger and larger r. We must also be 

careful not to violate the WKB approximation that ^4 1. We 

have seen in (58) .that the zero order phase velocity is 

\t 

^4 -\)-ir\)/\ from which it follows that A''-= V, v>j ) • 


under the assumption that.V = Vo = constant it is easy to show 
that V '-1/r. So if we are at large r, we must choose tO to be 

Si 

very small in order not to violate T locally. But, thxs 

means \ “ » 1 . In order not to violate the WKB approximation the 

scale length h must be enormous. 

With these- thought in mind, let us. examine the behavior of 
the eccentricity for observed solar wind parameters. V!e choose 
the reference level r^ at 100 solar radii (0.46 A.U.) so that 

average solar 'wind velocities, we take this constant equal to 
400 lori/sec (Lazarus, 196&) . V7e take a field at the sun of 2 
gauss, giving a reference level field of 20 ganmia (1 gamma- 
gauss). We set = 100 Jcm/sec, s.ince the observed 
Alfven velocity at 1 A.U. is approximately 50 km/sec (Belcher 
and Davis, 1971). For a wave having an inertial period T of 
1 minute, we obtain from '.(78) thaf/’C'^ l^Sr^ - a.- 68 A.U. Computing 
the distance ^r at x^hich ^ decreases tp.Q.9f yields Ar-*32A.U. 

-Hence for -a reasonable solar .wind, case, the. wave remains 

linearly polarized over a very large range of r (the orbit of 


Pluto is 39 A.U. ) . 

We can also examine the beha.vior of the angle of rotation 
through which an initially linearly polarized wave turns as it 



propagate^ in and is ccnvected by a twp--fluid solar wind.. Prom 
( 121 ) we expect (from the dependence) that waves of longer 
inertial periods rotate less in the distance ^r than waves of 
shorter periods. In Figure 6 we show the angle of rotation ^ 

(determined from (115) and ( 120 )) as a function of distance for 

/ 

waves of inertial perdods of 3 ^ 4 , 5 , 6 ^ 7 , ' and 8 minutes* The 

o 

same reference level parameters of Vo = 40 0 ]an/seC;r = 100 km/sec 

B =2 gauss were chosen. A striking feature* in Figure 6 is the 

linearity of the rotation with distance, as in ordinary Faraday 

rotation in an infinite homogeneous medium. This can easily be 

explained in physical terms upon rea.lization of the relations 

between plasma density and magnetic field 'in our assumed model. 

2 

The radial, background magnetic field varies as 1/r , so that 
/-I n* T r.r — ■ ' ' f m Q'ht expec/L VVie of 

" V ■ ' ■ 

rotation to increase more rapidly than r, since a) comes closer 

and closer to tOj.,. as r increases. But the assumption that V = } 

2 

Vo = constant constrains the density to fall off as 1 /r , so 
that the Alfven velocity falls off as 1/r. Fortuitously, this 

decrease in V v^ith r exactly balances the increase in uj/(aJoc 

a. * 

with r. This immediately follows by rewriting (121) in terms of 

the local Alfven velocity and local cyclotron frequency. When 

expressed in^ these parameters, the leading term- in the expression 

1 \1 ^ 

for the rotation -angle becomes 5 - sts • Th® cyclotron 

■ ■■■ “ 

2 ' . 

frequency varies as B, i.e. 1/r . Assuming V = Vq = constant 

2 

constrains the density to vary as 1/r , Thus the square of the 

2 • 2 , . . 

Alfven velocity also varies as 1/r . Hence the ratio V.^/u3p^is 
constant and the rotation is predominantly linear with distance. 
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as in ordinary Faraday rotation. Figure 7 shows the dependence 
of rotation angle (measured at l Zi.Uj upon the square of the 
frequency measured in an inertial frarixe for the solar wind case 
in Figure 6, . 

In summary these calculations predict- that linearly polarized 
waves will gradually become elliptical as they propagate in and 
are convected by a two-fluid solar wind. In addition they undergo 
Faraday rotation so that the semi-major axis of the ellipse of 
polarization is turned through a well-defined angle. In principle 
this effect can be observed if at some distance there exists 
linearly polarized waves which do not thereafter damp into 
thermal motions as they travel in the two-fluid medium. 
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Appendix 1 

Equation (52) coiisists of 12 terms ■with' the upper (lovjer) 
sign representing left (right) handed, polarized- waves. Using 
(68) and substituting into the first term of (52) yields 


-4™-A1p\l - -4li mV- I- i "-€.') 

mo 4irp 


(Al.l) 



which becomes 








i-'l 5^^_) — 


411^ 


oi- 


(A1.2) 


Neglecting terms of order 2, and yields 

„ / r SB- -3 CD+ . T , 3 9t?'^ 

■ ■ '"V '> U. TUJ OT up ^ ^WJJ ov 

i L 4TTf ’ 

Using (68) in the second term of (52)' yields 


-ATr?i\Y)^U (vip') - ) I 





(Al. 4) 


where terms of order G have been neglected. _ 

Using (69) we notice that the substitution “ 2 implies- 
<^\j - . In addition, the third term of (52) may bo obtained 


from the first by the substitution m^—^m^^. Hence the third 


term of (52)' may be obtained from (Al.3) usiiig these substitutions, 





3 8, 


The result is 

/ 

~%'owA! 


tap ap'W l^-npbr 


taj> a]>, 

4 '■ spl 3£ r_ 


(A1.5) 


V\1 


4trj> a/> 


'b'T 




J/ 


Sirailar considerations apply lo the fourth term of (52) which 


may be obtained from (Al.4). The result is 



The fifth and sixth terms are straightforward.. The seventh term 
follows easily 'from (70). The eighth and tenth terms add to give’ 






using (70). The ninth terra is 




(A1.7) 


(A1.8) 


where" (70) has been used. Using ' (65) for the phase' velocity 

tl a. ^ 1.. \T — X 7 rrr c? h r> >*> f \7 '1 1 H f:; 

cL XiCi u-iA y^. .1- j. V " o j. * 1.^ '-o- j_ 



(A1 . 9 ) 
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But since 

'^P _ 

'dT V 


(Al.lO) 



for the ninth term of (52) . The 'eleventh term is easily shown 
to be ' • 


-\) \ S'i- ^ ( 'ii SS-' 


(A1.12) 


while, the twelfth is 


- i P ( at 


QP- \ \<' 


(A1.13) 


Both of these terms may be neglected since 4- 1 • ■^'3.<3.ing 

up all these terms and grouping terms of like order yields 
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+ael^ -SR- 

^ B"- J C . 4-1TJ3 hi' 4t\^ Qp 

4 3c[^. 4TTmv^5^^^ ?R“ 7 4-T!\nfnp\](^^^“-^ I "SP 

4TTp bT ■ "''4^^ Qp^vj 

+ ?eL 4irm'rie\)(SB4' 


+ 


- ^u^ivii vvoD j \ ,] --4Triom\) V]"^ fcQ"W ^ 

»vl -Tip- l‘[ ^ l.?4 

I 




4unrfiA^ V 


'e^ \ 


V 







4 3 ^bA . sb 4 4 iM,feeA 


p 



\ A -V 



A- V Z. 


V 


(A1 A.4) 


as may easily be verified. ■ The terms in curly brackets are of 

45 . . 

zero order in ^ vj-hile the others are of first order. Combining 


pc 


the terms in curly brackets in (Al.14) we obtain 

A , , ^4.1 


4T\n(mp-Wg'^V_^'‘ 4- ^'wn (i'^^AnnA\j (^B“) [ ^ , 4 ttp V 

4Tip Av ,. "^.-fi-p bf " i 


+ 


3p ^'(' 




ua. 


4 


g-oo V bB> -^^8 ^ [ (2U.15) 

■ ^'^ . hi 


Combining the terms in squaire brackets in (Al.14) v/e' obtain 

■ \n ( SB ~ ^ ^ L 

A TV A X V . ' / A n /\ *X V 


Anp 6v 


4Tip 


Q(i AV 
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+ 'kaOm -fOe) V- S%- SB'*' x \(.S8-^'' j_ ■ 

'’ ■ 'a 

A^\'i- 

4- '•’l^^ 


^ 4. Vj?,B-) ^ sb'-L^^^ +M Ua-f 

^ ^v 1 bT > 


£L "bNO 


+ 


'O 




4- p e> 

Simplifying (7il.l5) yields 


(Al',16) 


?)r Or\ *> O V 




Neglecting terms of order m^/ m^ in (A1.16) yields 

aelt t y ,\i(’iQ-)‘ 


D 

c?» 


n 


•1 


+ 


r 


(Al. 18) 


. T . . N / .•^ r-, 4- N ”2 

* -Ly.' t -i- » \: '■ * 

^ ^ - h ' -■ - . i 

which is the first order term in (71). From conservation of mess 
(the' sum of (2)- and (4)) we have 


? 


My = 


COK)ST^WT 


(A1.19: 


But since V = V„ = constant we get . , 


i y _ _ i 

aj> -av ' V 


(Al. 20) 


^lo-’nrr' v ? 0 ^ H V.’0 






vjhich is the zero order term in (71) 


(Al. 21) 
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Upon substitution of (73) into (71) we get 

'' 4, 'N < 


0 = 


%)-1{h W ^X£.\± 



^ f \) _ ( nI'r- - N ~y 

“SP'av*^ — 


- I (^B- j' (\-V) 


“V -V 4. 

■i'SB- 

3p 

(A2.1) 


vvhich simplifies to 






,t^^ - 1 \ , 1. \(SB^-y 

t ~T~ ~ ?- " 


(A2.2) 


Using (Al.20) it the above yields 


+ 


■V 


^ X- '*' 2. v ' Z ^ \ 


(A2.3 ) 


Thus 


0. -(3^v\j3?3^-:) _ac\]4^n'^r ^ ^ ■v'ze^^ 

A 



V 


- 5 Mto-t ^ 


bV 

(A2.4) 
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■ r 
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Hence 


( 3'^wp 


’i’ L ' 
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\K-\) 

1 +e — 

V'J 


(A2.S) 
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So 




'V, C 






•V 


Neglecting terms of order G1 ' yields 
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5M-ZM, 


B'JAl, 


te 


V\) 


1 Siv'b'S 


-V 


(A2. 6) 


(A2.7) 


which simplifies to 


AW'VM;^ 


4- C 




h K 


■c)Y 


(A2.8) 


Using (72) we get 


a(M-k '■'r "3k.\i 


5 Ml. 'VfXfu'iM. \l,^ 


-1 


:: 'A - - 3 ', t 

^ Si Z. " 3 M 


(A2.9) 


fv 2 2 

and neglecting terms o-i* order / V if they are multiplied, by 
iOj^O^c, v/e obtaiii 


-(SMvM;) I _ I lO \J^ 1 j| Ovi^: 

„V ,"7 ™ 

a(vw\)A N" 3, w \j V 


BV 


(A2.10) 


vdiich is (74) , 
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Appendix 3 


Equation (115) may be derived’ with a minimum of algebra 
by using the follov/dng method suggested by Dr. A. J. Lazarus z 
Let us combine a left circularly polarized , wave of the form 
r = exp(i^^t) 'With a right circularly- polarized wave of the 

form r = B 2 exp(-io^t). For outwardly propagating waves, the 
sence o-? rotation agrees with the convention chosen in this 
thesis. Let the right circularly polarized v^ave differ in phase 
from the left by 2)t'. The resultant oscillation is expressed as 


% e -V Be 

I 2. 


(A3.1) 








(A3 .2) 


Defining 


(n’t we ol: 


obtain 

V-- (B e'*'^ + 




(A3 . 3) 


““ e 4?.^^ cos + •( ^ 

'Now suppose that the phase difference -2 ■yl is ■ 2 e.r 0 . Then the re- 
«>iltant oscillation has the form 


V COS 03 -t ^ s-un ini: 

\ ^ 


t ■2- 


(A3 .4) 
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which represents an. e.lliptically polarized v;ave of semi'^itiajor 


axis and seminuinor axis 


B, 


B, 


The same result 


1 , ^2 i 

was obtained in (95) and illustrated- in B’igure 2. When 2% is 
different from zero^ (A3. 3) represents an ellipse rotated by an 

I ^ 

a.ngle )C with respect to the ® axis. The same resu3.t was ob- 
tained more laboriously in (98) through (115) and^ illustrated 
in Figure 3 . 

We nov 7 focus our attention on the eccentricity of the el- 
liptically polarized wave. Equation (116) may be put in the form 


E ' 


7. 


From (113) we have 

•A-E.^CssX- 


(A3 . 5) 


. o ) 


.from V7hich it is easy to show that 

t A = ( d- f') cos -ix - at -I a X 


and hence that 


cos7.x' -Zt-t 


i ^ 


f 


A 


t'^cosW' X.' - tv tx' 


(A3. 7) 


(A3. 8) 


Now from (105) and (101) we have the following 


cos^ 2.x! -V 4t 'fi SiW 2~i' 


coszl) cclx +('s>Bl2,ee,e«;z.x) sm’-x' 

+ 2.e,e,_2m'‘?v| 


(A3 .9) 
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which, simplifies to 


f W- 


R 

[■ 2 .- 


(A3 .10) 




Notice that if then f = 1/ v;hich means that the ellipse 

degenerates into a straight line. In other v7ords , we .recover 
the case of regular Faraday rotation of a linear polarized wave 
rotated by' an ang.le ”)C v^.ith respect to the incident orientation, 
From (79) we have ' ■ 


-V 




- ^ 
+ 7< 




(A3. 11) 




The upper (lower) sigh corresponds to the left (right) hand mode. 
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\ >■' •> / 


And 
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(A3 .12) 




O'^h 0RD-E(i 


(A3. 13) 


Thus from (A3. 10) 
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which is (118) in the text. 
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FIGURE CAPTIONS 


Figure 


1 Spherical coordinate system with origin at the Sun. An 

outv/ardly propagating v»ave travelling towards an observer 
is represented by the wave vector Ic. The wave is "left- 
handed" since E rotates counterclockwise. • . 

2 Representation of a right circularly polarised wave (RCP) 

of magnitude B, and a left circularly polarized wave of 
magnitude B (with B^) . The waves are taken to be in 

phase and a.fe propagating out of the page. The ellipse 
shown is the superposition of the tv;o above waves. 

3 Superposition of right and left circularly polarized v;aves 
v?hen they differ in phase. The rotation angle is shown 
relative to the © axis. Conjugate radii D and E are 
shown along with principle radii Dq. and Eq. The wave is 
propagating out of the page. 

. ^ -t~ .1- ^ n I J_ T ^ I t T T ^ 1 r-y /-sW T.TT!> vr/-\ 

/! ‘i- . Cl .'CJ. L. ’ *- i * * » ' 

as a function of . 

5 Ellipses- v/ith varying magnitude of eccentricity ^ = 1 

corresponds to the reference level -\’-7here a linearly polar iv.ed 
wave exists. ^=0.9 corresponds to Ar/fC = 0.47. ^ = 1/e 

corresponds to Ar/7<, = 1.653. 

6 Rotation angle '/'as a function of distance for v;aves having 
inertial periods of 3 , 4 , 5 , 6 ,7 ,and 8 minutes. The reference 
level is indicated at 0.46 A. U. 

7 Rotation angle ^''observed at 1 A. U. as a function of u3^ 
for -the waves of Figure 6. 
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